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Abstract. We consider probabilistic solutions to Dirichlet problems for 
degenerate Bellman equations, given by value functions of controlled dif- 
fusion processes. We investigate the regularity and estimate the deriva- 
tives up to second order of the value function, under the assumption 
of non-degeneracy along the normal to the boundary and an interior 
condition weaker than the non-degeneracy. The value function is the 
unique solution to the associated Dirichlet problem in our setting. Our 
approach is probabilistic. 



(1.1) 



1. Introduction 
We consider the Dirichlet problem for the Bellman equation 

in D 
g on dD, 



sup [L°'v{x) — c{a, x)v{x) + f{a, x)] 



where L°'v{x) := a^^ {a,x)v^i^j{x) + ¥{a,x)v^i{x), and summation conven- 
tion is understood. On the one hand, it is known that under appropriate 
conditions the Dirichlet problem for the fully nonlinear convex elliptic equa- 
tion 



(1.2) 



F{v^^^j{x),v^^{x),v{x),x) 



in D 
g on dD 



can be rewritten as a Bellman equation in the form of (jl.l|) . On the other 
hand, under suitable regularity assumptions on a,b, c, /, g and D, the Bell- 
man equation (jl.ip is satisfied by the value function 



(1.3) 
where 

(1.4) v''{x) = E 



v{x) = sup f"(x). 



(7(x^^.)e-<--- + / r=(x°'^)e-'^"''ds 



with 



c"^(x"'^)ds. 
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in a control problem associated with the family of Ito equations 

(1.5) x"''^ = x+ ra"=(x^'^)du;,+ T (x^'^)(is, 

Jo Jo 

where r"^'^ is the first exit time of x"'^ from D. 

However, in general, v defined by (|1.3|) is not sufficiently smooth, or even 
continuous, so v in ()1.3p is known as a probabilistic solution, or viscosity 
solution, to (jl.ip . We are interested in understanding under what conditions, 
V given by (|1.3p is twice differentiable and is the unique solution of (|l.ip in 
an appropriate sense. The main difficulties in dealing with this problem are 
the fully nonlinearity, the degeneracy of the operator and the inhomogeneous 
boundary condition. 

The results stated and proved here are closely related to those obtained by 
M. V. Safonov [10] (1977), [11] (1978); P.-L. Lions [9] (1983) andN. V. Krylov 
[6] (1989). In [To] and [11] . the domain D is two-dimensional, and the ar- 
guments are based on the fact that the controlled processes are in a plane 
region. In [9], the regularity results are proved by a combination of proba- 
bilistic and PDE arguments, which heavily rely on the assumption that the 
discount coefficient c°(x) is sufficiently large to bound ffi'st derivatives of 
a""(x) and b°'{x). In [6], the boundary data g is assumed to be of class C^, 
and under certain assumptions, it is proved that v has second derivatives 
bounded up to the boundary. The results are obtained in a purely probabilis- 
tic approach by introducing and using quasiderivatives and a reduction of 
controlled processes in a domain to controlled processes on a surface without 
boundary in the space having four more dimensions. 

In this article, under a more general setting, we prove that the first and 
second derivatives of v given by (jl.3p exist almost everywhere in D, which 
implies the existence and uniqueness for the Dirichlet problem (jl.ip . More- 
over, since, as discussed in [12], the derivatives of v may not be bounded up 
to the boundary of the domain under our setting, we also estimate ffi'st and 
second derivatives. The main result is stated in Section 2, and the proof is 
given in Section 3. Our approach is also probabilistic by using quasideriva- 
tives. However, to deal with the boundary, instead of adding four more 
dimensions, we construct two families of supermartingales to bound the 
moments of quasiderivatives near the boundary and in the interior of the 
domain, respectively. For the background and motivations of quasiderivative 
method, we refer to [HI [12] and the references therein. 

To conclude this section, we introduce the notation: For k = 1,2, let 
C^{D) be the space of fc-times continuously differentiable functions in D 
with finite norm given by 

\g\l,D = \9\o,D + \gx\o,D, \9\2,D = bll.D + \gxx\o,D, 

respectively, where 

\g\o,D = sup \g{x)\, 
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gx is the gradient vector of g, and gxx is the Hessian matrix of g. For 
P G (0, 1], the Holder spaces C'''^{D) are defined as the subspaces of C^{D) 
consisting of functions with finite norm 

II II r 1 ■ 1 r 1 \9{^) ~ 9{y)\ 

\9\k,i3,D = \9\k,D + [9\l3,D, With [gJ^j^D = sup ■ -g . 

x,y£D \x — yy 

R is the d-dimensional Euchdean space with ) representing 

pical point in R"^, an 
For x,y,z G R"^, set 



a typical point in R*^, and {x, y) = Yli=i the inner product for x, y S 



d d 

Hy) = '^^x^y'^ Hy){-A = X] ^x^x^v'^^, 

i=l *J=1 

For any matrix a = (o"*-^), 

\\af := tiw* = 

We also use the notation 

s At = min(s, t), s V t = max(s, t). 

Constants K, M and appearing in inequalities are usually not indexed. 
They may differ even in the same chain of inequalities. 



2. Main results 

Assume that {Q, P) is a complete probability space and {J^t', t < 0} an 
increasing filtration of cr-algebras J-t <Z T which are complete with respect to 
T^P. Let {wtjJ^ut > 0) be a di -dimensional Wiener process on {^l,T,P). 

Let j4 be a separable metric space. Suppose that the following have been 
defined for each a A and x G M'^: a d x di matrix cr"(x), a d-dimensional 
vector b°'(x) and real scalars c°'{x) > and We assume that a, b, 

c and / are Borel measurable on A x R*^, and g{x) is a Borel measurable 
function on R"^. We also assume that cr° ,6°, c" and their first and second 
derivatives are all continuous in x uniformly with respect to a. 

Let D ^ he a bounded domain in R"', then there exists a function 
■0 £ satisfying 

t(; > in D, t/j = and {t/jxl > 1 on dD. 
Additionally, we assume that 

supL"V < -1 in D, 

with 
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where a = 1/2((7(T*). We also assume that 

(2.1) \{<T''r\2,D + wr\2,D + n,D + iv'U.d < i^o, 

Va G ^, 1 < i < d, 1 < j < di, 

with Kq G [1, oo), not depending on a. 

By 21, we denote the set of all functions ar{oj) on 17 x [0,oo) which are 
Jv-adapted and measurable in (w, r) with values in A. 

For a € 2t and x € D, we consider the Ito equation 

ft rt 



(2.2) 



x + [ cT"-«'^)(iu;, + / 
Jo Jo 



6"^(x^'^)(is. 



The solution of this equation is known to exist and to be unique by our 
assumptions on o"" and b". 

Let T°''^ be the first exit time of x"'^ from D: 

r'^'^ = inf{t < : ^ D}. 

For any t > 0, we define 



Set 
(2.3) 

with 
(2.4) 



v{x) = sup f"(x), 







where we use common abbreviated notation, according to which we put the 
indices a and x beside the expectation sign instead of explicitly exhibiting 
them inside the expectation sign for every object that can carry all or part 
of them. Namely, 

E^\g{xr)e-'l'- + r n{xs)e-^'ds 
Jo 

= E 5(x°^.)e-<"'- + / r^(x°'^)e-<^"'''(is . 

^0 

The value function v{x) given by ()2.3p and (|2.4p is the probabilistic solu- 
tion of the Dirichlet problem for the Bellman equation: 



(2.5) 

Define 
(2.6) 



sup [L'^v - ev + f 



in D 
g on dD. 



/i(x,^):= inf sup a*-'(a, x)C*C"'5 

C:K,C) = laGA 
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(2.7) := inf sup a'^ {a,x)CC^ ■ 

ICI=iae^ 

The condition > means that is actually "present" in 

the Bellman equation in (j2.5p . More precisely, for any fixed x £ D and 
^ e \ {0}, ^) > if and only if there exists a control a £ A such that 
the corresponding diffusion matrix a°'{x) is non-degenerate in the direction 
^. For example, consider the linear equation 

(2.8) + 2U^l2,2 + = 0. 

By dMl), here 

Mx,e) = ^^inf^^(C' + C')'. 

n{x,^) > if and only if C II Co = (1)1)- So only n(gQ)(gQ) is "present" in 
(j2.8p . In fact, the equation (j2.8p can be rewritten as 

^(Co){Co) = 0' 

so that no other second-order derivatives is actually "present" in the equa- 
tion, even though u^i^i and u^2^2 exist explicitly in ()2.8p . 
Also, it is not hard to see that 

Kx) = |inf^^(x,C). 

Note that we have n{x) > at a point x if and only if for any ^ 7^ 0, there 
exists a control a G 2t, such that the corresponding diffusion term a°(x) is 
non-degenerate in the direct of S,. 

Let 55 be the set of all skew-symmetric di x di matrices. For any positive 
constant A, define 

Dx = {x€D: V(x) > A}. 
Our main result is the following: 

Theorem 2.1. Suppose that 

(1) (uniform non- degeneracy along the normal to the boundary) There 
exists a positive constant 60, such that 

(2.9) (a"n, n) > 60 on dD, Va G A, 

where n is the unit normal vector. 

(2) (interior condition to control the moments of quasiderivatives, weaker 
than the non- degeneracy) There exist a function /5"(x) : AxD ^ M"^, 
bounded on every set in the form of Ax D\ for all A > 0, a function 
Q"{x, y) : j4 X D X M*^ — )• 55, hounded with respect to (a, x) on every 
set in the form of Ax D\ for all X > 0,y ^ M.'^ and linear in y, and 
a function M'^{x) : A x D ^ R, bounded on every set in the form of 
A X Dx for all A > 0, such that for any a £ A, x £ D and \y\ = 1, 

\K)ix) + (p"(x),y)a"(x) +a"(x)g"(x,y)||'+ 

(2.10) 

2(y, (x) + 2(p"(x), y)6-(x)) < c"(x) + M"(x) (a"(x)y, y) . 
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Then we have 

(1) // for any a ^ A, f^^g G C^'^{D), satisfying 

sup \f°'\oxD + l9|o,i,D < Kq, 

then V £ C^'^{D), and for any ^ E R'^, 

(2.11) \y^^^(^x)\<N(\C\ + ^-^),a.e. tn D, 

where the constant N depends only on d, di and Kq. 

(2) If for any a G A, f £ C^'\D),g G C^'^^iD), satisfying 

sup |/"|o,i,D + \g\i,i,D < Kq, 

and /"^ exists almost everywhere in D, satisfying 

f;^^ + KoI>0, a.e. in D, 
then for any ^ G R'^, 

(2.12) ^ + A 

If P 

(2.13) ^{?)«)(^) ^ K^,a\(\)~'N^-^,a.e. m D{0, 

where D{(^) := {x £ D : fj,{x,^) > 0}, and the constant N depends 
only on d, di and Kq. 

If n{x) > in D, then v G Cj^l{D). In addition, v given by {2.4^ 
is the unique solution in Cj^^liD) D C°'^{D) of 

{sup iL^vix) — c(a, x)v(x) + f (a, x)] = a.e. in D 
V = g on dD. 

Remark 2.1. The author doesn't know whether the estimates \2.11\) . i2.12\) 
and 112. 13\) are sharp. 

3. Auxiliary Convergence Results 

Let U he a connected open subset in M°'. Assume that, for any a G 21, a; G 
Q,t > 0, and x £ U, we are given a dx di matrix Kf{x) and a d-dimensional 
vector (x). We assume that and are continuous in x for any a,uj,t, 
measurable in {u},t) for any a,x, and /"j-measurable in uj for any a,t,x. 
Assume that for any a G 21, the Ito equation 

(3.1) dc^ = K^{C'^)dwt + i^nC'^)dt 

has a unique solution. 

We suppose that for an eo G (0, 1] and for each e G [0, eo], we are given 

^f(e) = Kf(x,e), i.r(e) = z.r(x,e) 
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having the same meaning and satisfying the same assumptions as those of 
nf and vf. Assume that for any a E 21, the Ito equation (|3.ip corresponding 
to K"(e) and t'f(e) with initial condition C,{e) G U 

(3.2) dC^'^^\e) = KUC^^'\e),e)dwt + vnC^'^'\e),e)dt 
has a unique solution denoted by ^"'^''^^(e). 

Lemma 3.1. Let q G [2,oo), 9 G (0,1), M G (0, oo) be constants and M" 
be a Tt-adapted nonnegative process for any a G 2t. 
(1) // for any a £ A,t>0,x GU, 

(3.3) ||Kf(x)|| + |i.f(x)|<M|x|+Mf, 
then for any bounded stopping times 7" < T^'^, Va 



sup sup e"^* I Ctr 



(3.4) 



"e-'^'dt, 



(3.5) 



aea t<-y 
< Id" + (2(7-1) sup i?" r Mi 

a& Jo 

sup sup e"^* I or'' 
< ^flCr' + (29- l)^upi?"f f M^e-'^'dt 



w;/iere iV = N{q,M). 
(2) If for any a £ A,t > 0, x £ U , and some e G [0,eo], 

(3.6) \\Kf{x) - kUv, e)|| + Wn^) - ^?{y. e)l < M\x -y\+ eMf , 

then for any bounded stopping times 7" < r^'^ A T^^'^^'^^(e), Va 



(3.7) 



(3.8) 



supEsup e-^*|C^(^)(e)-C^r 
< |C(e) - Cl*^ + ei{2q - 1) sup T M^e-^^dt, 
sup sup e-^*|C^(^)(e)-C^|''^ 
< f|C(e)-C|'^^ + £''^(2(7-1)^ sup r M^e-^'dt 



w/iere iV = N{q,M). 
Remark 3.1. Observe that qO covers (0, 00). 

Proof. It suffices to prove the uncontrolled version of ()3.4p . (j3.5p . (j3.7p and 
(j3.8p . so we drop the index a in what follows for simplicity of notation. We 

also denote Ct = C'^ Qt{e) = ("'^^'^(e)- 

Also, choosing a localizing sequence of stopping times 7„ t 00 such that 
/o*^^" MU-'^'ds are bounded for every n, we see, in view of the Monotone 
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Convergence Theorem, that it will suffice to consider the case in which 
Jq Mse~^'^ds are bounded with respect to {00, t). 
By Ito's formula, we have 



ilA|9-2| 



+ 



qiq-2) 



2 

\Ctr'Kmt\'-N 



dt + drrit , 



where mt is a local martingale starting at zero. By (|3.3p and Young's in- 
equality 

q\Ctr\Ct, MCt)) <{qM + q- l)!^^ + 

{ qM , ,,,9 q-l 



%^iarV?(Ct)ai^<('z-2) 



2 +('?-l)M.-i + 2 



ictr+2M,'^ 



So for sufficiently large constant = N{q,M), we have 

e-^*|0r<lCr + (29-l) f Mle-'^'dt. 

Jo 

Applying Lemma 7.3(i) in [7], we get 

Ssupe-^*|Gr < ICr + (2g - r M;'e-^'dt. 
Due to Lemma 7.3(ii) in [7], we conclude that 



<- 



.2-e 
T 

2-9 



^supe-^*|Ctr'<^i^(|Cr + (2g-l) / M^e-'^'dt 

t<7 



1 - 

Similarly, by Ito's formula, 
de~^%{e) - Ql'i 



-Nt 



+ 



dt + dnit, 



where rrit is a local martingale starting at zero. By (j3.6p . we have 

\\^t{Ct{e),e) - Hit{Ct)\\ + Wt{Ctie),e) - MCt)\ < M\Ct{e) - Ct\ + eMt, 



which can play the same role as (13. 3p . So (13. 7p and (j3.8p can be proved by 
mimicking the argument for proving (13. 4p and (j3.5p . 

□ 
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Next, we introduce the quasiderivatives to be used in the proof of the main 
theorem and apply Lemmas 13.11 to estimate moments of these quasideriva- 
tives. 

For any a G 21, let rf , rf , vrf , vrf , P°, be jointly measurable adapted 
processes with values in M, R, M'^i, R'^\ Skew((ii, M), Skew((ii, M), respec- 
tively, where Skew((ii,M) denotes the set of all di x di skew-symmetric real 
matrices. Let e be a small positive constant. For each a £ x,y, z G D, 
^, r/ € R*^, we consider the Ito equation (j2.2p and the following four other 
Ito equations: 



(3.9) 



dvt'^e) =Vl + 2erfa°'(?/°'^(e))e^^' dw 



+ 



(1 + 26rf )6"'(y,"''^(e)) - y^U^a'^^ {y:'\e))e^^^\7r^, 



dt, 



(3.10) 



dz^''{e) + 2erf + e2f°cT"' (z°'"(e))e^^"eVA"dy;^ 

(l + 2erf + e2rf)6"*(zi"'^(e)) 



+ 



1 + 2erf + e2ff a^^zf •^(e))e^^"e^^"(e7rf + -vrf ) 



dt, 



(3.11) dil 



+ 



dwt 
dt, 



(3.12) dii\ 



^at , f.a at , Qt po at . 9r°rr"* 



+ 2(t'^'P^ + 2rf - (rf )V"* + CT"*(Pf )2 



dwt 



+ 



2a" 



2rf a^'vrf - 2(T°*Pf vrf 



where cj" and 6" satisfy (j2.ip and we drop the arguments x^'^ in o""* and 
6"' and their derivatives in (|3.1ip and (|3.12p . 

Let 'f^'^(e) be the first exit time of y"'^(e) from D, and f^'^(e) be the first 
exit time of z"'^(e) from D. 

It is known that if 

(3^^3) j\\rf\' + \7rf\' + \Pn')dt<oo, 

VT e [0,oo),Va G 21, 
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then (13. 9p and ()3.1ip have unique solutions on [0, f^'^(e)) and [0,t^'^), re- 
spectively. If 

(3_14) J\\r?\' + + \Pn' + \r?\' + Kf |^ + iP^hdi < oo, 

VT e [0,oo),Va G 21, 

then (|3.10p and (|3.12p have unique solutions on [0,f'^'^{e)) and [0,t^'^), 
respectively. It is shown in Theorem 2.1 in [12] that for each a € 21, ^"'^ is 
a first quasiderivative of x"'"^ in L> in the direction of ^ at x and 

(3.15) e°'"= fKdws 







is its first adjoint process, and r/^ ' ' is a second quasiderivative of ' asso- 
ciated with in D in the direction of 77 at j; and 

(3.16) ^0." = (e0'-)2 _ (^0,.^, + /"^^-d^, 

JO 

is its second adjoint process. 

Theorem 3.1. Given constants p G (0, 00), p' G [0,p), T G [l,oo), x € D, 
1^ G M"'. Suppose I13.13\) is satisfied. Assume that there exists a constant 
K G [1,00) and for any a G an adapted nonnegative process K", such 
that 

(3.17) \rf\ + Ivrf I + jP^I < i^lC'^l + i^f, Va. 
(1) Given stopping times 7" < t^'^, a £ if 



7AT 



(3.18) sup^° / Kf^^dt < 00, 

aea Jo 

t/ien we have 

(3.19) supE? sup 161^ < 00. 

(2) Let the constant eo &e sufficiently small so that S(x,eo|'^|) C D. For 
any e G [0, eo], given stopping times 7"(e) < r^'^ Af^'^^'^^(e), a G 21, 
if 

(3.20) sup sup / Kt™dt< 00, 

e6[0,eo]a62t Jo 

(3.21) limsup£; sup ^-^ —, ^-^ = 0, 

a,x+e^ / \ a,x 

(3.22) limsupE sup [^Lzll (,^'^\p = 0. 

40 Q,62t i<7a,(e)AT ^ 
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Proof. In the proof, we drop the superscripts a, at, etc., when this will not 
cause confusion. 

To prove (1) we consider the Ito equation (13. ip in which (^"''' = By 
conditions (]2.ip and (j3.17p . we have 

\\cr{^t) + rta + aPt\\ + l^^^a,?^ + 2rtb - aTrt\ < A/|6| + Mt, Va, 
where M = N{K,Kq),M^ = N{Ko)K^. Applying Lemma O^l), we have 

Zl'^'tlTJ^'^ ^\ e^^iEf(|eP + 3i(sup,,,i?"r^MM)^)ifp<2. 
To prove (2) we first consider the Ito equations (j3.ip and (j3.2p in which 

Notice that 

\\Kt{y,e)-Kt{x)\\ =\Wl + 2ena{y)e'P' -a{x)\\ 

<|7r+2i^- l|||a(y)e^^'|| + ||a(2/)||||e^^* -/,,xdj| 
+ ||a(y)-a(x)|| 

<2e\rt\Ko + Koee^'P' + Ko\y - x\ 
<M\y - x\ + eMt, 
\iyt{y, e) - ut{x)\ =|(1 + 2ert)6(y) - ^1 + 2erta{y)e'^'eTTt - b{x)\ 
<2e\rt\Ko + (1 + e\rt\)Koe\7rt\ + Ko\y - x\ 
<M\y-x\ +eMt, 

where M = Ko,M{' = 7V(K, Ko)(lC'^l + (^f)^ V 1). Applying Lemma 
13.1( 2). we have 

sup^ sup |y"'^+'^(e) - x"'''!^ 



< 



efe^^d^r + (2p - 1) sup„ga C^'^'''' Mfdt) if p > 2 
[ e^e^^lEf (ICP + 3f (sup„,2l V^'^^^ Mfdty^) if p < 2. 
Due to ([3:20]) and (f3l^ . we have 

/■7{e)AT 

sup sup / M^^^^dt < 00, 

[0,£o] aG2l Jo 

which completes the proof of (|3.2ip . 

Next, we first consider the Ito equations (j3.ip and (j3.2p in which 



Observe that 
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€ 



e ' ' e 



\^/^^^-'.r,\=\ni ^ ' 1)1 



(1 + VI + 2ert)2 

, e^^* - 1 



m =£||PVP.||<^||p,|2_ 



e ' ■■" 2"'* " " - 2' 
The equation (j3.22p can be proved by mimicking the proof of (j3.2ip . □ 

Theorem 3.2. Given constants p G (0, oo); p' € [0,p), T £ [l,oo), x £ D, 
^ G M*^, T] G M'^. Suppose ^3.14\ ) is satisfied. Assume that there exists a 
constant K E [l,oo) and for any a £ an adapted nonnegative process 
, such that 

(3.23) Iff l + lvrf | + |P-| + |rf l^ + lvrf + |2 < i^(|r?f'^| + |e«P) + i^f , Va. 

(1) Given stopping times 7" < t^'^, a £ if i3.18\) holds, then we 
have i3.19\} and 

(3.24) supE^ sup \r]t\P < 00. 

a& t<7AT 

(2) Let the constant eg be sufficiently small so that i?(x,eo|^|) C D. For 
any e G [0, eo], let 

x(e) = X + + y?7. 
// 113. 20\) holds for given stopping times 72 (e) satisfying 
72(e) < Ar^' e 2t, 

I a,x{e) f \ _ oi,xip 

(3.25) hmsup^ sup ^-^ l^J-^t I ^ 



40 ag2l t<7f (e)AT 



(3.26) hmsup-E sup ^-^ ^—^ — L = 0, 

40 a& t<7j(-e)AT 

«,a;(e)/ \ a, a; 

(3.27) Umsup£; sup \^ ^1^^ _ ^f |p = 0. 

// 113. 20\) holds for given stopping times 73 (e) satisfying 
73(e)<r^ Ar^ (e) A '(-e),aG2t, 
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then we have 

(3.28) limsupii^ sup — — ^ — '■ — t]^ 



p 

= 0. 



Proof. Again, we drop superscripts a, at, etc., when this will cause no con- 
fusion. 

The inequality (|3.24p can be proved by observing that (|3.23p and (j3.18p 
imply that 

sup^;? sup \Ct\^P < oo 

and then mimicking the proof of (|3.19p . 

The equations (j3.25p and ()3.27p are obtained by repeating the proof of 
IK2T\\ and (15:22]) . The equation ([3:26]) is obvious once we get IK25\\ . 

To proof (|3.28p . we observe that, for example, 

aiztje)) - 2a{xt) + ajzti-e)) 
e2 



where 



1 

+ (^izti-e)-xt)ixt) + -0-(^t(-e)-Xi)(2t(-e)-xt)(^i(-e))] 
'-"^Me)) + \['^iit(e)mtie)){zt{e)) + fT(g, (_,)) (^t (-e))] , 



zt{e) - 2xt + zt{-e) ztie) - xt 



(e) is a point on the straight line segment with endpoints Xt and Zt{e), and 
e) is a point on the straight line segment with endpoints xt and zt{—e). 
It follows that 

II crjztie)) - 2a{xt) + a{zt{-e)) 

II ^2 f^{7?t)(2;0 -f^{6)(?0(^*)ll 

zt{e) - 2xt + zt{-e) \zt{e) - xt\^ |zj(-e)-Xfp 



<Ko\^^ ^ '-^ — '--r]t\ + Ko ' . ++Ko- „ 

+ ^0 «l + -Kol ?t| • 

e e 

It remains to mimic the proof of (|3.22p . □ 

We end up this section by showing a convergence result about the stopping 
times which will be applied in the next section. 

Theorem 3.3. Let 6 be a positive constant such that Dg = {x £ D : il^ > 6} 

is nonempty, and 61,62 be positive constants satisfying 61 < 62- Let D^^ = 
{x £ D : 61 < < 62}- Then for any x £ D, if ^3.21\) holds with 
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for p = l,p' = and VT G [1, oo), then we have 

(3.29) limsup£;(r^'- - A fr+^«(e)) = 0. 

For any x e D, if \3.25\) and \3.26\) hold with 

7"(6) = r^'- A f^'-(^)(6) and 7"(-6) = r^'^ A f^'^(-^)(-e), 
respectively, for p = = and VT G [1, oo), then we have 

(3.30) lim sup i^(r°'^ - r^'^ A f^'^(^)(6) A f'^^^^-'\e)) = 0. 

The statement still holds when replacing D by Dg or Dg^, provided that 62 
is sufficiently small. 

Proof. We drop the subscript D and the argument e for simphcity of nota- 
tion. Notice that, for any a G 21, 

<-E L"^/'(x^"'^)(it 

Due to (|3.2ip . we have 

lim (sup£;(^^/'(j;^;^,+,J - ^(2/?<l^i'$)) /fa,:.+.^<^«,.<T^ 

< sup I V'x I • hm ( sup £^ 
=0. 

Also, notice that for any a G 21, T G [l,oo), 

P^ir >T)< ^Ey < ^E^ r (-LXx,))dt = l(v(x)-^(x^^.)) < ^. 



It turns out that 

limsup i^(T^ — Tj^ f\Tj^ [e)) < ^ asTyoo. 
40 dgsi T 

To prove p.29p . we just need to notice that for any stopping times r, 71, 72 
r-TA7iA72 = (r-rA 7i)Ai<72 + (r - r A 72)/7i>72. 
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By noticing that 

-0 - (5 = on D^, V - > 0, supL"(V' - S) = supL^i/; < -1 in Ds, 

oG2t oesi 

we see that the statement is true in the subdomain Ds- 
Similarly, notice that 

- 6i){62 -iP) = Oon Dll, (V - 5i){52 - V') > in Z^g, 
L°((V^ - 5i){52 - V')) =(5i + ^2 - 27/')L-V' - 2(a-V'x, ^x) 

On it holds that ijjx = iV'xI'^j where n[x) is the unit inward normal 
vector at x G dD. So due to (j2.9p and the compactness of 

|^*cj°P = 2|^^|2(a"n,n) > 21^/^^.1250 > 25'^ on 5Z?, 

where iJg is a positive constant. By continuity 

> in 

if 5i and 82 are sufficiently small. It turns out that 

supL°'»-^''fe-^'><-l. 

when (5i and 82 are sufficiently small. So the statement is still true in the 
subdomain D^^ when 81,82 are sufficiently small. 

□ 

4. Proof of Theorem 12.11 

Before proving the main theorem, we state two remarks and one lemma. 
Remarks 14.11 and 14.21 are about two reductions of the problem, and Lemma 
14. II will be used when estimating the second derivatives. They are nonlinear 
counterparts of Remarks 3.2 and 3.3 and Lemma 3.2 in [T2], and there is no 
essential change when extending them from linear case to nonlinear case. 

Remark 4.1. Without loss of generality, we may assume that > l,\/a G 
21, and replace condition \2. 1 0\) by 

\K)ix) + (p"(x),y)a"(x) + a»{x)Q»{x,y)f+ 
2(y,6^^)(x) + 2(/,"(x),y)6"(x)) < c"(x) - 1 + M-(x) (a"(x)2/, y) . 

Remark 4.2. Without loss of generality, we may assume that v G C^{D) 
and G C^{D) when investigating first derivatives of v, and v G C'^{D) 
and f",g G C'^{D) when investigating second derivatives of v. 

Lemma 4.1. If f^^g G C'^{D), and v G C^{D), then for any y G dD we 

have 

(4.2) <K(|9|2,D + sup|no,D), 
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where n is the unit inward normal on dD and the constant K depends only 
on Kq. 

Let 6 and A be constants satisfying 0<5<A^<A<1 and that the 
three sets defined below are nonempty: 



Dx2 



{x e D : 5 < il^ix)} 

{x e D : 5 < i{j{x) < A} 

{xeD : < ipix)} 



For each a S 21, we use the same quasiderivatives and barrier functions con- 
structed in [12]. Their properties are collected in the following two lemmas. 



Lemma 4.2. In D^, introduce 



^(x) =A2+^(l-i-V'), Bi{x,0=[X + y^j{l + y^)]\(\^+Ki^ ^, 

where Ki G [l,oo) is a constant only depending on Kq. 

For each a, we define the first and second quasiderivatives by i3.11\) and 
\3.12\) . in which 

r(x,C) := + rt:=r{xt,it), 



^ oil dx 
with p{x,0 := -Y^'^{a>=)ii^{a'')){0' ^ ■=^^''(a'')' 



k=l k=l 



7r^(x,0 k = l,...,di, vrt :=7r(xt,6); 

P'''ix,0 ■= y[^('^'=)(^('^'))(0 -V'(<Ti)(V'(<T'= ))(?)]' ^'^ = l>--->t?l> Pt ■■= P{Xt, 

vrf = = 0, Vi,A; = l,...(ii,Vt G [0,oo). 

where we drop the superscript a or at without confusion. Then ^3.19jl . 
(ESP, < rOg)) . ( TO^ , m?)) . (EH*, (fg^ and IMP a// /loZd /or any 
constants p G (0, oo), p' G [0,p), T G [l,oo), x G D^, ^, 77 G M'^ and stopping 
times 

7 < r^x , 7 (e) < r^x A t^^ He)> 72 (e) < ^^ja A r^';, ^ ^(e), 

(5 6 S S S 

73 (e) < ^ (e) a r ' (-e), 



■^5 
2 

where x(e) = 2; + + 



2 

When A is sufficiently small, for x G D^, ^ G M'^ and = 0, u;e /lawe 
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(1) For each a G 21, Bi(x"'^, .^"'^) and y Bi(a;"''^, ^"''^) are local super- 
martingales on [0,rf], where rf = r'^f ; 



(2) sup^^,^ r 161' + ^dt < iVBi(x,0; 



(3) sup£;f supied' <iVBi(x,0; 

(4) sup E^\r]^s \ < snpE^ sup < iVBi(x,0; 

fT^ 1 

(5) supi?o"f / ' \rit\''dty <NBi{x,0; 
where N is a constant depending on Kq and e. 

Proof. Notice that sup^.^^ jT^L is bounded from below by a positive 
constant due to (|2.9p . so conditions (|3.17p and (|3.23p hold with = 0. 

The properties (l)-(5) are nothing but Lemma 3.5 in [12] because the 
constant N there doesn't depend on a. □ 

Lemma 4.3. In D^2, introduce 

B2(x,e) = At|ep. 

For each a G 21, we define the first and second quasiderivatives by i3.11\) 
and 113.12]) . in which 

r{x,y) := {p{x),y), rt := r{xt,^t): h ■= r{xt,r]t), 

, , M(X) ^ , , / ^ N - / N 

:=Q(x,y), := ^t), Pt := P(xt.m)- 

where p{x), M{x) and Q{x,y) are defined in the statement of the main the- 
orem and satisfy 12.10\) . and again, we drop the superscript a or at without 
confusion. Then [3AU) . [3:21]) . / TOP , p?!^ , IXMI) . (ES^j, (t2l\) and 
Ii3.28\) all hold for any constants p G (0,oo), p' G [0,p), T G [l,oo), x G D;5, 
(,,C ^ O'lT'd stopping times 

^2 

7 < ^d;^, 7 (e) < T^'^a ^ ' 72 (e) < r^'^, A r^^^ (e), 

2 2 

73 (e) < T^'^a A T^_^^ (e) A t^_^^ (-e), 

2 

where x{e) = x + e^ + ^r]. 

Furthermore, for x G , G M"' and r] = 0, we have 



(1) e '^t' B2(x°'^, 1^"''') and y e '^t' 62(3;"'^,^"'^) are local supermartin- 
gales on [0, r2), where T2 = t^'j- 



(2) supE^,^ r e-''^^\Ct\'dt<NB2{x,0 

a& Jo 
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(3) supS^.supe-'^*|6P < iVB2(x,e) 
«ga ' t<T2 

(4) supi^^oe-^^H^rJ < supi5;^,oSupe-<^'|r?t| < iVB2(x,0 







(5) sup£;^,o 

(6) T/ie above inequalities are still all true if we replace 4>t'^ by 0' 



"'^ ho, 1 



t. 



More precisely, we have 
supE^, / e-<^*+^*|^t|2dt < iVB2(x,0, sup£;?oSupe-'^*+5*|^t|2 < iVB2(x,e 



T2 



where N is constant depending on Kq and A. 
Proof. The same as Lemma |4.2[ 



□ 

We split the proof of Theorem 1 2 . 1 1 into three parts. Note that in the proof, 
for simpHcity of notation, we may drop the superscripts such as a when it 
will cause no confusion. 

Proof of ^2A1\) . First, we fix an x G and a ^ G M"^ \ {0}. Choose eo > 
sufficiently small, so that B{x,eQ\^\) := {y \y — x\ < eo\£,\} C Dg. For any 
e G (0, eo), by Bellman's principle (Theorem 1.1 in [1], in which Q is defined 
by D X [— 1, r + 1], where T is an arbitrary positive constant), we have, with 
the stopping time 7" = t"'^"*"*^^ A r"'^ A T, 

+ JJ sup£;.vkx,)e-^^ + r f-^ixs)e-^^ds 



-supE^ v{x^)e-'P^ + / f''^{xs)e-'^'ds 
By Theorem 2.1 in [3] and Lemmas 2.1 and 2.2 in [1], 



sup E^^^^ v{x^)e-'^^ + / f'''{xs)e-^'ds 



supi?:+,5 „(y^(e))p^(e)e-'^.(^)+ / (1 + 2er,)r= (y,(e))p,(6)e"'^=(^)ds 



in which y^ (e) is the solution to the Ito equation (|3.9 



'(e) := / {l + 2erf)c^'{y^'yie))ds, 
Jo 

pf{e) := exp ( e<du;, - ^ ^* \eK\'ds^ . 



and 
(4.3) 

with a G 2t, r" , vr" , defined in Lemma 14.2 
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Let 



For any x = {x,x'^^^ ,x'^^'^,x^~^^) G D x x M+ x M, introduce 
V{x) = v{x) exp(x'^+i)x'^+2 + x'^+l 



(4.4) 
Then we have 



v{x + e^) — v{x) 1 



Since the difference of two supremums is less than the supremum of the 
differences, and the supremum of a sum is less than the sum of the supre- 
mums, we have 



< supE- 

aG2l 



< sup 
:=/i(e,r) + /2(e,r), 



Vf^c.^Jx^'^) + sup EV,^c.,^.( 



where 






(4.5) 




t 


with 






Jo 




,.,( 








St •— St — 


/* 


<< 




JO 










^f+''» := fe- 
Jo 




ra 


We claim that 







St ~ 1st )St )St )St J 



ds, 



(4.6) 



lim/i(e,r) = 0. 

£4,0 



To show it, bearing in mind that for any /i"(x) G C^{Ds), we have, for any 
x,y £ Ds and ^ G M*^, r G M'^ and n G N, 

(4.7) 

|(^ + ^-)";(^)-""(-)-/.^,,(.)-2.."(.)| 
= |/t-^^(y*) - /i^^)(x) + 2r(/i"(y) - /i"(x))| 
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<\{Kiy*) - Kix), ^)| + mix), ^ - 01 + ^Koier' + k^), 

where y* is a point on the hne segment with ending points x and y. 

First, by Lemma [421 for any contants p and p' satisfying < p' < p < oo, 
we have 

(4.8) supS?sup|Ctr < oo, 

(4.9) hm sup E sup ^ { * ' = 0, 

a,a;+e^/ \ a,x 

(4.10) hmsupS sup ylLlJat ^ 0. 

Second, apply (j4.7p to c°(x) we get 

(4.11) IE^supi5;"sup|M?l^^_^f+i|P = 0. 

40 oG21 t<7 € 



Third, we notice that 

Pt{e)-pm Pt{e)-l 



It follows that 







Ps{e)-Ksdws 



E-suvf-^^^-it^y <N{p)E-( [\p,{e) - l)^*!'^^'^' 



f<7 fc ^JO 



^ t<7 e Jo 
<ePNip)E'' ( £ p'/ie)\7Tt\''Pdt + Ktl^* 



Hence 

(4.12) hm sup ^" sup 1 ^*^'^ ~ - g'^+^r = Q- 

€4,0 i<7 e 

Fourth, bearing in mind that 

J{e)g{e)-fg 



e 



f'g - fg'l 



<l^ - f'Me)\ + 1^ - .'ll/l + e(|/f + MIZ^; 
Therefore, to prove 

(4.13) iin,supi^"sup|^i^^^^^ -e'^+^r = 0, 

40 aG2l t<7 e 
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it suffices to show that 

hm sup sup I + +ie-<^*(0) \p = 0. 

The first equation is true due to (|4.7p with h"' = f^. The second one is true 
by a similar argument. 

Finally, observe that for any x = (x, x'^^^ , 1, x"^^^), y = {y, y'^^^ , y'^'^'^ , y'^'^^) , 
^ = (^^^rf+i^^d+2^^rf+3) e X M- X IR+ X M, we have 

V(y)-V(x) , , -i;(y)e?'^+'/+2 -t;(x)e^^^' _ 
^ %(^) = ^ + 1 

It is not hard to see (gj]) is true with (Ii30]) . (liTTT) . (|iT2]) and (|il3]) in 
hand. 

To estimate /2(e,r), we notice that V"^^c«,€^(5;"'^) is exactly Xf defined by 
(2.8) in [12], in which u is replaced by v. More precisely, 



a ,x 



where 

St — ?t + 

It follows that 

/2(e,r) = sup^"X^ < sup^e"'^^"%,,..e,(x"i'^)+supsfx" -e"'^^"%,,..«,(x"^^ 
aea aga oea ^ ^ 

It is proved in [12] in the proof of (3.5), that for each a, 

E sup^ (Xf - e-^"%(^..«)(x^'")) < iVVB7(^, 

where is independent of a. So 

hie.T) < sup^e-<^%,,.,5,(x°f ) + Ny/Bi{x,0. 

We next notice that 
sup£'z;,^<,,?Jx?'f ) = sup E— = ■ -i/Bi(x"f , ^"i) 



-est ^^-"^ "£21 ^Bi(x;f,e^i) 



-^2^ v,/Bi(x:;f,e,"i) jBi(x^^.,c°i) 
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:=Ji(/i,r) + j2(/i,r). 

Notice that 



is a continuous function from x to M, where Si is the unit sphere 
in M"^. By Weierstrass Approximation Theorem, there exists a polynomial 
W{x, C) : X Si^ R, such that 

sup \-^M^-W{x,C)\<l. 

It follows that 



Ji(/i,r) <supi?|T^(x^f - T^«^.,e"^)|^Bi(x;f 



+ 2sup£;JBl(4i^e"i) 



<A^sup^|x°Q^ - x'^f,^\JBi{x'^'^,£,"^) + 2y^B^]a~^ 

^T\T — I?l |2 , SUPc,g2i-^Bi(x"i^,^°i^) 

<Ny'Bi{x,t^)supE\x k - X -\ . — ■ — 

+ 2VBi(x,0 



+ 3VBi(x,C) 

<iVv'BT(^(E|7" - r^'r A r| + E|T^f AT- r^fl) + S^bII^. 



Thus 



Also, notice that 



lim lim Ji(e,r) < 3^/Bl{x,^,). 



^(c)(y) 



J2(e,r)< sup -^p=supi?JBi(x^f,e^i) 



V 



(c)(y) 



< sup • x/Bl(^. 
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Hence, 



lim lim /2(e) ^) ^ sup 



^(C)(y) 



Ttoo e4,0 

We conclude that 



y£dD 



VBi(x,e) + iVVBi(x,0- 



sup 



+ iV, Vx G D^,Ce R'^\{0}. 



Notice that 61(2;,,^) = 61(2;, —£,)■ Replacing ^ by —S^, we have 



< 



VBi(a;,^) yfzQD 
which implies that 

(4.14) ' ^^'^ ^' < 



sup 



sup 



\v{oiy)\ 



Repeating the argument above in 0^2, we have 

b(c)(y)l 



+ N,yx£ D^,C€ M'^\{0}. 



(4.15) < 



\/B2(x,C) ye9D^2 



sup 



+iV, Vx G DA2,e e K'*\{0}. 



\/B^(y;C) 

The inequalities and (jiJ5|) are the same as (3.16) and (3.18) in [12]. 

So by repeating the argument after (3.18) in [12], we get 

1-^(0 (^)r 



V(^^)ix)<N[\C\ + 



■02 (x) 



a.e. in D. 



(fZTT]) is proved. □ 
Proof of ^2.1/3jj . The idea is the same as the first order case. Fix x G 



5' 



^ G M'^ \ {0} and sufficiently small positive eo, so that i?(x,eo|^|) C D'^. 
For each a G 21, let 7° := t^^(x + A T'^y^{x) A t^^(x - e^) A T, where 

T G [1,00). We have 

v{x + e^) — 27;(x) + v{x — e^) 



supE°+,g i;(x^)e-'^^+ / f"^{xs)e-'^^ds 



+ 2sup^^ 't;(x^)e-'^^ + / f''' {xs)e-^' ds 



sup S^„,^ 



v{x^)e-'f'^' + /"^(x,)e-'^=(is 



supE^+,.kz^(e))g^(e)e-'^-(^)+ / r^(z,(6))g,(e)e-^»(^)(i5' 



+ 2 sup -E" 

a£2l 



t;(x^)(7-,e-<^- + / r=(x,)g,e-'^^ds 
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- sup E'^_^^ 

in which z"'^(e) is the solution to the Ito equation (|3.10p . 



(l + 2< + e2r,")c"^(zr(e)M^ 



and 



with a G 21, r^, , f^, vr^, defined in lemma (|OD . 

By intruducing 

(e) = Al + 2er- + eV,")r^(z,(e))p,(e)e-'^=(^)ds, 

JO 

Z-r(6) = (zr(6),-,^f(6),pf(6),gT(e)), 



xr,-0f(o),p?(o),gf(o)), 



we get 

v{x + e^) — 2v{x) + — e^) 



=4( - supi?:+,^F(z^(e) + 2supi?,"y(rE^) - ^nv E'^_^^V{z^{-e) 

< sup ^ 2 ^ 



= sup E- 

< sup P 
+ sup 

Q62t 



:=Gi(e,r) + G2(e,r), 

where V and ^"'^ are defined by (|4.4p and (14.5p . respectively, and 

t d+2,a d- 



-a,ri / a,ri d+l,a d+2,a d+3,a\^ 

Vt ■— \Vt ■'Vt 



with 



d+l,a 



Vt 



d+2,a O.a 

Vt ■=Vt 



* \2 



\TTg\'^ds+ I TTsds, 



Vt 



d+3,a 
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ds. 



We first claim that 



limGi(e,r) = 0. 



Tlie proof is similar as that of (|4.6p with the help of the following two 
second-order counterparts. 

First, if € C'^{Ds), then for any x,z,z' G Ds, ^, r/ € R'^, r, r G M 

and n S N, we have 



1 r 



1 



1, 



+ n^{z-x){z-x)(^*) + ^f2'-a;)(^) + l^^{z' -x){z' -x)i^* ) 



i^^^y ' 2L (^)(^) 

where and z*' are on the line segments licz and xz', respectively. Hence, 
(1 + 2er + €^f)h"'{z) - 2/i"(x) + (1 - 2er + e'^r)h°'{z') 



+ + 4r/if,^(x) + 2f/i-(x))| 



(0^ 



<l ''°'''-^"?'"''°"'' -(%„W + /.i-„,W)l 



+ 2|r| 



2h^^)(x)| + |f||/i°(z) + - 2/i"(x)| 



+ |f| - + \h"{z') - h"{x)\ 



Second, by noticing that 
Ptie)-2pti0)+pti-e) 



TTs H TTt )dWs, 







r?o = 2 / esT^sdws 
Jo 



we have 



sup 

t<7 



, Pf(e)-2pf(0)+pt(-e) d+2 

I 12 



< 



\ P/2 
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i<7 e t<7 2 



+ eP r \Trt\^Pdt + eP f \TTt?''dt 
Jo Jo y 

Therefore, 

lim sup E sup I 2 Vt \ = 0- 

In order to estimate G2(e, T), we notice that V'^_a,o^(x^'^)+V'^^Q,5^^^a,5^(x"'^' 
is exactly Yf defined by (2.9) in [12], in which u is replaced by v, that is 

:=e [^(c-'f •«) (^i ) + (^t ) + ^(^^"•S) (^t ) + ^(^i ) 

+ (2f- + 4|0r- + 7?0)r»(x,)]ds, 

where 

^? = ^^^ + 2ef+^e^^ + (e^^)^ + r/r- 

In [12], it is proved that for each a, 

^ sup (y° - e-^* (x^'")) <iVBi(x,e), 

a, a; VS£ Ast / 

t<T \ 

where A'^ is independent of a. So 

G2(e,r) < sup^e-'^"'%,,..e.,,..«.(x^'") + AfBi(x,0- 
By mimicking the argument in the proof of (j2.1ip . we have 
lim limsupE'e"''^'' f^^Q.^w^a,^^^?'^) < sup ^^^P + 3Bi (x, f ). 

So we conclude that 

mmG2{e,T)< sup !MilM.Bi(x,0 + iVBi(x,e), 
noo4o yedDli;m'i\{o} ^ny,Q 
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which imphes that 

(4.16) ^^^^^< sup yf^^f +N, Vx£i^^\g£R'^\{0}. 
Repeating the argument above for Dx2, we have 

(4.17) ^;^< sup '-MQ^ + N,y.eD,.,ceR^\{0}. 

Since (j4.16p and (|4.17p are similar as (3.24) and (3.26) in [12], by repeating 
the argument after (3.26) in |12] . we get 

-.(^)(^)(x)<iv(|eP + ^||^), a.e. inZ?. 

The inequahty ()2.12p is proved. □ 

Proof of i2.13\) . Fix an x G -D. For simpHcity of the notations we wih drop 
the argument x through the proof below. 
From (j2.12p we have 



> 0,VC G R'^. 



It follows that 



N 

^(0(0 + 

Let 



N 

V = V^:, + —I + I, 

where / is the identity matrix of size d x d. 
Then we have 

(^e,0 > >0,VeGM'^\{0}. 
Fix a G M'^ such that /i(^) > 0. Introduce 

Then 

tr(a"T/) = tr{VVa''VV) 

> \e\-\VVa^VV9,0) = |K|2(a-C,C) = (V^C,C)(a"C,C). 
Taking the supremum and noticing that (^, Q = {k,6) = 1, we get 



suptr(a"F) > {V^,0 sup(a°C,C) > {V^,OKO- 



It follows that 



1^(0(0 < (^^'0 < /«"'(e) sup tr(a"y) 



-1 r ^ 

< fi {C) sup ti{a°'vxx) + — sup tr(a'^ 
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Notice that 

KO = icrV(e/iei), 

so it remains to estimate sup^^^ tic{a'^Vxx) from above. The equation 

sup [L^'v - + /"] = 

imphes that 

L^v-c'^v + f' < 0,Va e A. 

Thus 

tTia'^Vxx) = {ay'v^.x. < \{by\o,D\vxAo,D + n,DHo,D + irio,D < K. 

□ 

Proof of the existence and uniqueness of \2.1^^ . The fact that u given by 
()2.4p satisfies (j2.14p follows from Theorem 1.3 in [5]. 

To proof the uniqueness, assume that vi,V2 G ^^^^{D) n C^'^{D) are 
solutions of (I2.14p . Let A = I'WilcD V|f2|o,D- For constants 5 and e satisfying 
< (5 < e < 1, define 

^{x, t) = e{l + '4}{x))Ke~^\ V{x, t) = v{x)e~^* inDx (0, oo), 

F[V] = sup{Vt + - c"V + /") in D X (0, oo). 

Notice that a.e. in D, we have 
F[Vi-^ > -ee-^*t;i + (5^'-eAe-^*supL"^+infc"1' > eA(e-'^* -e"^*) > 0, 

a a 

F[V2 + 'i>]< ee-^%2 - -5* + eAe"^* sup L"^ - inf c"^ < eA(e-^* - e"^*) < 0. 
On (91) X (0, oo), we have 

- ^2 - = -2^ < 0. 
On D X T, where T = T{e, 6) is a sufficiently large constant, we have 

- T/2 - 2^ = (vi - V2)e-^^ - 2e(l + ^)Ae"^^ < 2A(e-^^ - ee"^'^) < 0. 
Applying Theorem 1.1 in [2], we get 

Vi - V2 - 2^ < a.e. in D x (0, T). 

It follows that 

vi — V2 < 2e(l + ip)Ae — )• 0, as e — )■ 0, a.e. in D. 
Similarly, V2 — vi < a.e. in D. The uniqueness is proved. 



□ 



Acknowledgement 



The author is sincerely grateful to his advisor, N. V. Krylov, for giving 
many useful suggestions and comments on the improvements. 



REGULARITY OF FULLY NONLINEAR ELLIPTIC PDES IN DOMAINS 



29 



References 

1. Hongjie Dong and N. V. Krylov, On time-inhomogeneous controlled diffusion processes 
in domains, Ann. Probab. 35 (2007), no. 1, 206-227. MR 2303952 (2008e:60248) 

2. N. V. Krylov, Some new results in the theory of controlled diffusion processes, Mat. 
Sb. (N.S.) 109(151) (1979), no. 1, 146-164, 166. MR 538554 (80j:60104) 

3. , On controllable diffusion processes with unbounded coefficients, Izv. Akad. 

Nauk SSSR Ser. Mat. 45 (1981), no. 4, 734-759, 927. MR 631436 (84b:93070) 

4. , On the control of a diffusion process until the moment of the first exit from 

the domain, Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), no. 5, 1029-1048, 1199. 
MR 637615 (83g:49029) 

5. , On the traditional proof of the Bellman equation for controllable diffusion 

processes, Litovsk. Mat. Sb. 21 (1981), no. 1, 59-68. MR 617995 (82h:93087) 

6. , Smoothness of the payoff function for a controllable diffusion process m a do- 
main, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 1, 66-96. MR 992979 (901:93040) 

7. , Adapting some ideas from stochastic control theory to studying the heat equa- 
tion in closed smooth domains, Appl. Math. Optim. 46 (2002), no. 2-3, 231-261, Spe- 
cial issue dedicated to the memory of Jacques-Louis Lions. MR 1944761 (2003k:35085) 

8. , Probabilistic methods of investigating interior smoothness of harmonic func- 
tions associated with degenerate elliptic operators, Pubblicazioni del Centro di Ricerca 
Matematica Ennio de Giorgi. [Pubhcations of the Ennio de Giorgi Mathematical Re- 
search Center], Scuola Normale Superiore, Pisa, 2004. MR 2144644 (2006h:60004) 

9. P.-L. Lions, Optimal control of diffusion processes and Hamilton- Jacobi-Bellman equa- 
tions, III. Regularity of the optimal cost function. Nonlinear partial differential equa- 
tions and their applications. College de France seminar, Vol. V (Paris, 1981/1982), 
Res. Notes in Math., vol. 93, Pitman, Boston, MA, 1983, pp. 95-205. MR 725360 
(85i:49043c) 

10. M. V. Safonov, The Dirichlet problem for Bellman's equation in a plane domain. Mat. 
Sb. (N.S.) 102(144) (1977), no. 2, 260-279, 327. MR 0445110 (56 #3455) 

11. , On the Dirichlet problem for Bellman's equation in a plane region. Mat. Sb. 

(N.S.) 105(147) (1978), no. 4, 594-600, 640. MR 496596 (82a:35045) 

12. W. Zhou, Quasiderivative method for derivative estimates of solutions to degenerate 
elliptic equations. 



127 Vincent Hall, 206 Church St. SE, Minneapolis, MN 55455 



